In this paper, the radial integration method is used to obtain a boundary element formulation without any domain integral for general anisotropic plate bending problems. Two integral equations are used and the unknown variables are assumed to be constant along each boundary element. The domain integral which arises from a transversely applied load is exactly transformed into a boundary integral by a radial integration technique. Uniformly and linearly distributed loads are considered. Several computational examples concerning orthotropic and general anisotropic plate bending problems are presented. The results show good agreement with analytical and finite element results available in the literature.
Introduction
The extensive use of composite material structures in engineering design has demanded reliable and accurate numerical procedures for the treatment of anisotropic problems in material structures. As anisotropy increases the number of material elastic constants, difficulties in modelling arise in the analysis of laminated composite structures. Particularly, in the boundary element formulation, the larger number of variables means far more difficulty in deriving fundamental solutions. This aspect is evident in the literature; the number of references in which the boundary element method is applied to anisotropic structures is significantly smaller than the number for isotropic structures. However, in the last 10 years, important advances in the application of boundary element techniques to anisotropic materials have been published in the literature. For example, plane elasticity problems have been analysed by Aliabadi (1993, 1995) , Albuquerque et al. (2002 Albuquerque et al. ( , 2003a Albuquerque et al. ( ,b, 2004 , out-of-plane elasticity problems by Zhang (2000) , and three-dimensional problems by Deb (1996) and Gaul (2000a,b, 2003) . Boundary element formulations have been applied to anisotropic plate bending problems, in which both Kirchhoff and shear deformable plate theories have been considered. Shi and Bezine (1988) presented a boundary element analysis of plate bending problems using fundamental solutions proposed by Wu and Altiero (1981) based on Kirchhoff plate bending assumptions. Rajamohan and Raamachandran (1999) proposed a formulation where the singularities were avoided by placing source points outside the domain. Paiva et al. (2003) presented an analytical treatment for the singular and hypersingular integrals that occur in the formulation proposed by Shi and Bezine (1988) . Shear deformable plates have been analysed using the boundary element method by Schweizerhof (1996, 1997) , who used the fundamental solution proposed by Wang and Schweizerhof (1995) .
In the general plate bending boundary element method, domain integrals arise in the formulation owing to the distributed load on the domain. In order to evaluate these integrals, a cell integration scheme can be used to give accurate results, as carried out by Shi and Bezine (1988) for anisotropic plate bending problems. However, the discretization of the domain into cells reduces one of the main advantages of the boundary element method, that is, the discretization of only the boundary. An alternative to this procedure was presented by Rajamohan and Raamachandran (1999) , which proposes the use of particular solutions to avoid domain discretization. However, the use of particular solutions requires us to find a suitable function which satisfies the governing equation. Depending on how complicated the governing equation is, this function may be quite difficult to find.
In the work described in this paper, domain integrals which arise from distributed loads are transformed into boundary integrals by exact transformation using the radial integration method. This method was initially presented by Venturini (1988) for isotropic plate bending problems. Recently, Gao (2002) has extended it to three-dimensional isotropic elastic problems. Two cases of loading are considered in this paper: uniformly distributed and linearly distributed loads. As stated by Gao (2002) , this method can be applied to transform any domain integral to the boundary. The most attractive feature of the method is its simplicity, since only the radial variable is integrated. For domain integrals which include unknown variables, the proposed procedure can be performed using a radial basis function as in the dual reciprocity method suggested by Gao (2002).
Theory of bending of anisotropic thin plates
A plate is a structural element defined by two flat parallel surfaces (Fig. 1) , where loads are applied transversely. The distance between these two surfaces defines the thickness of the plate, which is small compared with other dimensions of the plate.
Depending on its material properties, a plate can be either anisotropic, with different properties in different directions, or isotropic, with equal properties in all directions. Depending on its thickness, a plate can be considered as either a thin or a thick plate. In this work, formulations will be developed for anisotropic thin plates.
The theory of bending of anisotropic thin plates is based on the following assumptions (Lekhnitskii, 1968) :
(1) Straight sections which are normal to the middle surface in the undeformed state remain straight and normal to the deformed middle surface after loading. (2) The normal stresses r z in cross-sections parallel to the middle plane are small compared with the stresses in the transverse cross-section, r x , r y , and s xy . 
Basic relations for anisotropic plates
Consider a plate following the assumptions defined in the previous section. As shown by Lekhnitskii (1968) , the lateral mid-surface deflection w satisfies the differential equation:
where the D ij are the flexural rigidities of the anisotropic plate and g is the transverse load intensity. The general solution for w in Eq.
(1) depends on l 1 , l 2 , l 1 , and l 2 , the roots of the characteristic equation, given by
The roots of this equation are always complex for a homogeneous material. The complex roots l 1 = d 1 + e 1 i and l 2 = d 2 + e 2 i are known as the transverse-displacement complex parameters.
Boundary integral equation for bending problems of anisotropic plates
As shown by Shi and Bezine (1988) , the equilibrium equation (1) can be transformed into a boundary integral equation given by
where oðÞ on is the derivative in the direction of the outward vector n that is normal to the boundary C; m n and V n are, respectively, the normal bending moment and the Kirchhoff equivalent shear force on the boundary C; R c is the thin-plate reaction of the corners; w c is the transverse displacement of the corners; P is the field point; Q is the source point; and an asterisk denotes a fundamental solution.
The constant K is introduced in order to take account of the possibilities that the point Q can be placed in the domain, on the boundary, or outside the domain. If the point Q is on a smooth boundary, then K = 1/2.
In order to have an equal number of equations and unknown variables, it is necessary to write an integral equation corresponding to the derivative of the displacement w(Q) with respect to a Cartesian coordinate system fixed to the source point. The axis directions of this coordinate system are coincident with the directions of two vectors that are normal and tangential to the boundary at the source point.
For the particular case where the source point Q is placed on a smooth boundary, the boundary equation is given by (Paiva, 1987) :
where oðÞ on 1 is the derivative in the direction of the outward vector n 1 normal to the boundary C at the source point Q.
It is important to say that it is possible to use only Eq. (3) in a boundary element formulation, by using the boundary nodes and an equal number of points external to the domain of the problem as source points.
Fundamental solution for bending problems in anisotropic materials
The fundamental solution for the transverse displacement in plate bending is computed by setting the nonhomogeneous term of the differential equation (1) equal to a concentrated force given by a Dirac delta function d(Q, P), i.e.,
where DD(.) is the differential operator:
As shown by Shi and Bezine (1988) , the transverse-displacement fundamental solution is given by
where
x and y are the coordinates of the field point P, x 0 and y 0 are the coordinates of the source point Q,
and
The repeated index i in the terms of R i and S i does not imply summation. The coefficient a is an arbitrary constant, taken as equal to 1. Other fundamental solutions are given by
where R is the radius of curvature at a smooth point on the boundary C. The other constants are defined as follows:
b is the angle between the global coordinate system xy and a coordinate system ns in which the axis directions are parallel to the vectors n and s, which are normal and tangential, respectively, to the boundary at the field point Q. The derivatives of the transverse-displacement fundamental solution can be expressed as linear combinations of derivatives of the functions R i and S i . For example,
The analytical derivatives of R i and S i have been presented by Shi and Bezine (1988) . Note that there is a typographical error in Shi and Bezine (1988) in the term o 2 R i /(ox oy). The correct derivative is
All other derivative terms are presented correctly in Shi and Bezine (1988) .
Transformation of domain integrals into boundary integrals in the anisotropic plate bending problem
As can be seen in Eqs. (3) and (4), there are domain integrals in the formulation owing to the distributed load on the domain. These integrals can be computed for the domain by direct integration over the area X g (see Fig. 1 ). However, the boundary element formulation loses its main feature, i.e., the discretization of only the boundary, if this is done. In this work, domain integrals which arise from distributed loads are transformed into boundary integrals by an exact transformation.
Consider the plate of Fig. 1 , under a load g, applied over an area X g . Assuming that the load g has a linear distribution (Ax + By + C) in the area X g , the domain integral can be written as Z
where r is the value of q at a point on the boundary C g . Defining F * as the integral
we can write Z
Considering an infinitesimal angle dh (Fig. 2) , the relation between the arc length r dh and the infinitesimal boundary length dC can be written as
where a is the angle between the unit vectors r and n. Using the properties of the inner product of the unit vectors n and r, indicated in Fig. 2 , we can write
Finally, by substituting Eq. (41) into Eq. (38), the domain integral in Eq. (3) can be written as a boundary integral given by Z
Provided that 
the integral F * can be written as
where C 1 , C 2 , and C 3 are given by Eqs. (10)- (12), respectively. Eq. (45) can be rewritten as
Following a procedure similar to that used to obtain Eq. (46), the domain term of Eq. (4) can be written as Z
As can be seen, Eqs. (46) and (49) are not h-dependent. These integrals can be evaluated analytically. Appendix shows all terms of these integrals, computed analytically.
Although in this work the loads on the domain are considered as uniformly or linearly distributed, the procedure presented in this section can be extended to other, higher-order loads.
Matrix equations
In order to compute the unknown boundary variables, the boundary C is discretized into NE straight elements, and the boundary variables w, ow/on, m n , and V n are assumed to be constant along each element. Taking a node d as the source point, Eqs. (3) and (4) 
where NC stands for the number of corners. The terms of Eq. (50) are integrals, given by
Some of the above integrals show weak singularities, strong singularities, or hypersingularities when the element that is being integrated contains the source point. In the work described in this paper, these integrals were treated analytically as described by Paiva et al. (2003) . The matrix equation (50) contains two equations and 2NE + NC variables. In order to obtain a solvable linear system, the source point is placed successively in each boundary node (d = 1,. . . , NE) and in each corner node (d = NE + 1,. . . , NE + NC). It is worth noting that while both of Eqs. (3) and (4) are used for each boundary node (providing the first 2NE equations), only Eq. (3) is used for each corner (providing the other NC equations). So, the following matrix equation is obtained:
where w contains the transverse displacement and the rotation of each boundary node, V contains the shear force and the twisting moment for each boundary node, P contains the integrals P 1 and P 2 for each boundary node, w c contains the transverse displacement of each corner, V c contains the corner reaction for each corner, and P c contains the integral P 1 for each corner. The terms H, C, G, and F are matrices which contain the respective terms of Eq. (50), written for the NE boundary nodes. The terms H 0 , C 0 , G 0 , and F 0 are matrices which contain the respective first-line terms of Eq. (50), written for the NC corners.
Applying boundary conditions, Eq. (58) can be rearranged as
which can be solved by standard procedures for linear systems.
Numerical results
In order to assess the accuracy of the proposed formulation, some numerical problems have been analysed and their results compared with some results available in the literature.
Orthotropic simply supported square plate
The first problem relates to a square plate of side length a = 1 m and thickness h = 0.01 m. The material is orthotropic and its material properties are E x = 2.068 · 10 11 Pa, E y = E x /15, m xy = 0.3, and G xy = 6.055 · 10 8 Pa. The plate is under a uniformly distributed load q = 1 · 10 4 Pa applied over its domain (Fig. 3 ) and is simply supported along its four edges. This problem was analysed by Wu and Altiero (1981) using the influence load function, by Shi and Bezine (1988) using the boundary element method (BEM) and domain integration to treat the distributed load, and by Rajamohan and Raamachandran (1999) using the charge simulation method.
We have solved the problem using several different meshes, and the results for the transverse displacements at points A and B have been compared with a series solution for points A and B given by w s = 8.1258 · 10 À3 m and 4.5211 · 10 À3 m, respectively. Table 1 shows transverse displacements computed by the present BEM technique using various meshes, and their respective errors compared with the series solution of Timoshenko and Woinowski-Krieger (1959) . It can be seen that a very poor agreement is obtained when eight elements (two elements per side) are used. However, convergence to the series solutions is obtained as the number of elements is increased. When 40 boundary elements are used (Fig. 4) , the transverse displacements at both points show errors below 1% compared with the series solution.
If the plate is rotated by 30°about its centre as shown in Fig. 5 , the principal axes of orthotropy do not coincide with the coordinate axes. In this case, as in a general anisotropic material, all six bending-stiffness constants D ij are different from zero. Using this model, the transverse displacement computed for a point at the centre of the plate is equal to w = 8.0645 · 10 À3 m. The error in this case is 0.75% compared with the series solution. 
Cross-ply laminated graphite-epoxy composite square plate with simply supported edges
The second problem that was analysed in this work relates to a nine-layer ply, simply supported laminate [0°/90°/0°/90°/0°] s of side length a = 1 m under a uniformly distributed load q = 6.9 · 10 3 Pa. The properties of each layer of the high-modulus graphite-epoxy composite material considered in this analysis are E x = 2.07 · 10 9 Pa, E y = 5.17 · 10 9 Pa, G xy = 3.10 · 10 9 Pa, and m xy = 0.25. The total thickness of the laminate is h = 0.01 m. All layers have equal thickness. This problem was analysed by Rajamohan and Raamachandran (1999) using the charge simulation method and by Lakshminarayana and Murthy (1984) using the finite element method (FEM). A series solution for the transverse displacement in the centre of the plate was presented by Noor and Mathers (1975) by treating the plate as an equivalent single-layer orthotropic plate. This solution is given by
The transverse displacement at the centre obtained by our proposed formulation, using a mesh of 22 boundary elements per side (Fig. 6) , is compared in Table 2 with the finite element solution presented by Lakshminarayana and Murthy (1984) and the analytical solution presented by Noor and Mathers (1975) . As can be seen, the same accuracy as the finite element results was obtained.
Cross-ply laminated graphite-epoxy composite square plate with clamped edges
In order to study the effect of clamped edges as boundary conditions on the accuracy of the formulation presented in this work, the edges of the cross-ply laminate considered in the previous example were clamped (Fig. 7) , and numerical results were obtained. The same mesh as in the previous example was used (Fig. 6 ). In Table 3 , the results are compared with the results presented by Lakshminarayana and Murthy (1984) (FEM 1) and Noor and Mathers (1975) (FEM 2), both of whom used the finite element method.
The results for moments were obtained using a mesh with 21 elements per edge, so that there is a node at the centre of each edge. As can be seen, the transverse displacement is in very good agreement with the finite element results. The moment m x is slightly higher than the values obtained by the finite element method, with 6.4% difference compared with the results of Lakshminarayana and Murthy (1984) . However, as will be shown in another example below (a quasi-isotropic square plate with clamped edges), the results for moments obtained in this work are in good agreement with analytical solutions.
8.4. Angle-ply laminated graphite-epoxy composite square plate with simply supported edges
Here we consider an angle-ply laminated graphite-epoxy composite square plate with simply supported edges under a uniformly distributed load of intensity q = 6.9 · 10 3 Pa. This problem was analysed by Lakshminarayana and Murthy (1984) and Noor and Mathers (1975) , both using the FEM, and by Rajamohan and Raamachandran (1999) using the charge simulation method. The material properties of each layer are that of the previous cross-ply problem, including the thickness of the layers. The sequence of layers is [45/À45/45/À45/45] s . The boundary element mesh used was the same as in the previous problem (Fig. 6) . Table 4 shows the results obtained in this work and the results obtained by Lakshminarayana and Murthy (1984) (FEM 1) and Noor and Mathers (1975) (FEM 2) . As can be seen in Table 4 , the boundary element results are in good agreement with both of the finite element results.
Quasi-isotropic square plate with clamped edges under linearly distributed load
In order to analyse the formulation developed in this work for linearly distributed loading, we have considered a quasi-isotropic plate, clamped on all edges, under a linearly distributed load as shown in Fig. 8 . The material properties are E x = 2.1 · 10 11 Pa, E y = 2.099 · 10 11 Pa, G xy = 0.7692 · 10 11 Pa, and m xy = 0.3. This plate was discretized using 13 boundary elements per edge (Fig. 9) . Table 5 shows the displacements and moments computed in this work at the points indicated in Fig. 8 , together with analytical solutions presented by Timoshenko and Woinowski-Krieger (1959) . The load applied was such that q 0 = 1 · 10 4 Pa (Fig. 8) .
As can be seen in Table 5 , the transverse displacements and moments are in good agreement with the analytical solutions.
Rectangular plate with an opening
In this last example, we consider a rectangular plate with a rectangular opening under a uniformly distributed load of 10 kN/m 2 (see Fig. 10 ). The plate is quasi-isotropic, with the following material properties E x = 3 · 10 10 Pa, E y = 3.01 · 10 10 Pa, G xy = 1.25 · 10 10 Pa, and m xy = 0.2. The plate was discretized using 42 boundary elements (Fig. 11) . This problem is equivalent to an isotropic problem presented by Hartmann (1987) , who analysed it using a boundary element formulation based on the Kirchhoff theory for an isotropic problem. Later, Dirgantara (2000) analysed this problem using a boundary element formulation for shear deformable isotropic plates.
Figs. 12 and 13 show the transverse displacements along lines A-A and B-B obtained by considering the material as quasi-isotropic, using the formulation presented in this work, and the results obtained by Dirgantara (2000) , considering the material as isotropic. In these figures, results are also presented for the case where the material of the plate is orthotropic (E y = 6 · 10 10 Pa) but all other material properties have the same values as in the quasi-isotropic case.
It can be seen that the quasi-isotropic results are in good agreement with the isotropic results presented by Dirgantara (2000) . In addition, the orthotropic results show the qualitative behaviour expected: if the structure is stiffer, the transverse displacements are smaller than in the isotropic case. 
Conclusions
In this work, the use of radial transformation in the boundary element formulation for the analysis of anisotropic plate bending problems was presented. Two boundary integral equations, for transverse displacement and rotation, were used, and these integral equations were discretized into constant boundary elements. The domain integrals which arise from linearly and uniformly distributed loads were transformed into boundary integrals by an exact radial transformation. Several numerical examples were shown for quasi-isotropic, orthotropic, and general anisotropic materials. The numerical results obtained with the present boundary element technique were compared with results obtained analytically in the form of a series solution and results obtained by the finite element method, and show good agreement. 
